In this paper we study two quantum mechanical systems on punctured surfaces modeled by hyperbolic spaces, namely the cases of the singly punctured two-torus and triply punctured two-sphere. We study the systems using their Maass waveforms in connection with the eigenfunctions of the Laplacian. The energy eigenfunctions on such surfaces are precisely the eigenfunctions of the hyperbolic Laplacian satisfying Γ(2)-automorphicity for the triply punctured sphere and Γ ′ -automorphicity for singly punctured torus. We introduce the algorithm of numerically computing the Maass cusp forms on these two surfaces and report on the (preliminary) computational results of the lower-lying eigenvalues for each odd and even Maass cusp forms on both surfaces.
INTRODUCTION
Topology, geometry and group theory play an important roles in the study of quantum physics [1] . Most of the time however, the topological or geometrical structures studied in the physical systems are limited to simple ones. In reality, the topology or geometry of physical systems can be extremely complex (see e.g. [2] ). Hyperbolic surfaces can capture this complexity by allowing a family of spaces with cusps and non-zero genus via forming quotient spaces and thus our interest. Physical systems on such hyperbolic surfaces have been particularly well studied to explore quantum chaos, [3] which has yet to be completely understood [4] . Lesser known are their roles as toy models for quantum devices via study of quantum states on graphs [5] .
Among the well known cases is the system of a particle on a singly punctured two-torus (a surface of genus one and a cusp). For instance, Gutzwiller [6] and Antoine et al. [7] have respectively studied scattering states on the singly punctured torus without and with magnetic field. The cases of bound states on the punctured torus and the punctured sphere however are not known largely due to the necessity of numerical computation, very much like bound states of other systems but in these cases harder. In this note, we will describe the setting up of the eigenequations, the needed numerical algorithms and the corresponding numerical results.
Construction of the Surfaces
In this section, we give the constructions of both singly punctured two-torus and triply punctured two-sphere with the intention of highlighting its similarities with respect to its fundamental domain. Such similarity allows us to make direct comparisons of their respective energy spectra and note their differences.
The singly-punctured torus
The punctured torus can be obtained by identifying sides of a 'parallelogram' but the parallelogram is now in the upper half plane H with the hyperbolic metric ds 2 = y −2 (dx 2 + dy 2 ) (see Figure 1) . The identifications are made by the elements of the commutator subgroup Γ ′ of the modular group PSL(2, Z)
This corresponds to the generators A = 1 1 1 2 ; B = 1 −1 −1 2 , which are in fact elements of the commutator subgroup Γ ′ of the modular group PSL(2, Z). In fact, the singly punctured torus can now be given as the quotient space H/Γ ′ . Note that the cusp is at the identified vertex i ∞.
It is however convenient to work with another region of H that gives an equivalent torus, namely a 'hexagon' with identified sides. The construction rests upon noting that the stabilizer of the cusp is given by the commutator of the generators i.e. 
This corresponds to the translation z → z + 6, whose role is to identify vertical lines six units away (see Figure 2) . The other arcs are identified in pairs by adding the additional map C with the following presentation:
The following relations define the boundary conditions among the arcs:
where π/3 < χ < 2π/3. The advantage with this new region is the location and the width of the cusp is clearly visible, translated into periodicity condition along x. Another added advantage is that the region is simply six copies of the known fundamental region F dom of the modular group.
The triply-punctured sphere
The domain of the triply-punctured sphere has the same boundary as the fundamental domain of the singly punctured two-torus, but with a different set of generators, namely of the principal
The maps A and B together with their multiplication AB = −3 2 −2 1 with transformation AB : z → −3z+2 −2z+1 fix the three cusps of the triply punctured two sphere as follows: A fixes the cusp at i∞, and B fixes the cusp at 0, where the generator AB fixes the third cusp at 1.
Again, here it is convenient to work with a different diagram by relocating the parallelogram such that the bounding vertical lines appear at x = − 
The algorithm
The energy eigenequation for the particle on the punctured torus is given by
where ∆ is the hyperbolic Laplacian ∆ = y 
where L is the width of the cusp and K ir is the K-Bessel function. In the case where Γ\H has several cusps we need to assign Fourier series to all cusps J of the group with a fundamental domain of F,
and solve the series for their coefficients. The only approach which has so far been found to work well in general is to solve simultaneously for the Fourier coefficients at all cusps. Here we will show how to generalize the algorithm in Hejhal (1999) to the case where the group Γ has several cusps κ ≥ 1. Due to reflection symmetry ψ(−z) = ± ψ(z), one can rewrite (6) as
where cs denotes cosine or sine functions respectively for the even and odd class. For large arguments, the K-Bessel function decays exponentially. Together with the bound [10] | a n | ≤ d(n) n 1/4 where d(n) counts the number of divisor of n, one can truncate the absolutely convergent Fourier expansion any time we bound y from below and we can always find [10, 8] 
Hence we can write the truncated expansion as
where
] is short hand for a quantity less than 10 −16 . Now let M 0 = M (y min ) and choose any y < y min = y 0 and take an integer Q > M (y) + 1. Introduce the following 2Q points equally spaced along a closed horocycle z j = x j + iy such that
We then solve the above Fourier expansion for its coefficients by using a finite Fourier transform:
The next step is to utilize the automorphy condition under Γ
where z * is the Γ ′ -pullback of the point z into the fundamental region. Thus, one now has
The implicit automorphy (cf. [9] ) is what enables us to determine the whole Fourier series. Combining (12) and (11) gives
where 1 ≤ m ≤ M 0 . Neglecting the error terms, we have the set of equations
where the matrix V = (V mn ) for the singly punctured torus is given by
and V J mn for the triply punctured sphere is written as
where each block is defined similarly as in (15). We now have a linear system that can be used to obtain the Fourier coefficients a n and the eigenvalues r. Note that the matrix V mn can be small due to the decay of K-Bessel function but this can be avoided by choosing a suitable y < y 0 . We discretize the r-axis and solve for each value on the grid the equation
We may introduce a normalization in order to avoid the trivial solution. This is done by setting a n = 1 (see [14] ). The variable is chosen such that the Bessel function is not too small for 2 ≤ m ≤ M 0 . This is the final system of equations and it depends on y and M 0 though the results should be independent of the choice of these values. One may set y = 
for the Fourier coefficient matrix C.
To find the eigenvalues r, we compute equation (14) and define g m to be
where we compute for a second value of y 2 = 9 10 y. We solve g m for r by choosing a suitable r-grid and look for simultaneous changes of sign in g m . It is crucial to find a suitable r-grid to minimize computer time without missing any eigenvalues. If such simultaneous change is found between two consecutive r-values, we have found a candidate which contains an eigenvalue r with high probability. We then repeat this step together with a bisection until we reach the desired precision in r. One may need to plot g m against r-axis to find the candidate intervals to save computing time.
Numerical Results
We have implemented the above algorithm in Mathematica and we have made preliminary tests of the program to compute the first 122 eigenvalues for the modular group PSL(2, Z) [11] and compared with existing numerical results in the literature [13, 12] . In this work we simply modify the program for the Γ ′ and Γ(2) subgroups. We have computed the first thirty five Maass cusp forms for both even and odd symmetry classes on Γ ′ and eleven lower-lying Maass cusp forms on Γ(2). We have also found the old forms (ones from the modular group), which also ensure a check on our implemented program. The old ones arise in corresponding pairs ψ(z) and ψ(Lz) where ψ(z) is a cusp form of the modular group. The invariance of ψ(6z) under Γ ′ and ψ(2z) under Γ(2) are due to the automorphy condition. Other forms that arise for the first time are the new forms.
We set the parameters M, M 0 , Q, y and for M , we use the same observation as in [9] to take
for some constant A. For small and modest eigenvalues, A = 8 is sufficient and for other parameters are as defined in the previous section. Table 1 shows the first thirty five r -values corresponding to odd and even classes of the Maass cusp forms on Γ ′ , while Table 2 shows the r-values corresponding to odd and even classes of the Maass cusp forms on Γ(2). The ones with the asterisk correspond to the old forms; old forms found for Γ(2) are not shown in Table 2 . The size of the error in truncating the Fourier expansion have been set at ε = 2 × 10 −16 . In Figure 4 and 5 we show the topography pictures of the lowest odd and even Maass cusp forms for both group Γ ′ and Γ(2). We have checked the accuracy of our results with the aid of the multiplicative relation of the Fourier coefficients In tables 3-6, we list the first few Fourier coefficients of Maass cusp forms corresponding to the three lowest odd and even eigenvalues for both the punctured torus and the punctured sphere,respectively. All computations are done on a dual-processor CPU of 1.7 GHz and 1 GB of memory. Table 3 : Fourier coefficients for the three lowest odd Maass cusp forms on Γ ′ a n for r = 5.8383 a n for r = 6.0946 a n for r = 6.5473 1.000000000000 
Conclusion
The numerical calculations for eigenvalues and eigenfunctions of Laplacian on singly punctured torus and triply punctured sphere done here are new to the best of our knowledge. Moreover they are implemented on a commercial software Mathematica and hence making them accessible to a wider audience. While the basic underlying algorithm is known to experts, it is not immediately obvious that they are applicable to the systems considered here particularly the triply punctured sphere. The remarks in [8] regarding the accuracy are tested against the Table 4 : Fourier coefficients for the three lowest even Maass cusp forms on Γ ′ a n for r = 6.0472 a n for r = 6.1261 a n for r = 6.4965 1.000000000000 Table 5 : Fourier coefficients for the three lowest odd Maass cusp forms on Γ(2). a n for r = 2.092104 a n for r = 2.848190 a n for r = 3.590131 1.000000000000 Table 6 : Fourier coefficients for the three lowest even Maass cusp forms on Γ(2). a n for r = 2.571499 a n for r = 3.99208 a n for r = 3.598393 1.000000000000000
1 system of triply punctured sphere. It is not evident a priori that the linear system will be well-conditioned, but the test with running the whole process again using different values of y can reassure the overall accuracy. So far the algorithm was found to be working quite well and have been tested for the lowest old form for even and odd parity. A number of algorithms are needed to conduct these experiment. Hejhal's algorithm is not directly applicable because of Γ(2) has three cusps. However, eigenvalues on Γ(2) are related to the eigenvalues of the modular group (group with one cusp) as we have seen in the computation of the old form. We have developed an extension of computing Maass cusp forms on the modular group to those for the commutator subgroup of the modular group and the congruence subgroup Γ(2). For the numerical work, we have been able to compare qualitatively the bound states available on the two surfaces of singly punctured torus and triply punctured sphere. We have found for example that the lowest eigenvalue for the triply punctured sphere is lower than that of the singly punctured torus. This seems to indicate that a particle is freer to move on the triply punctured sphere than on the punctured torus and perhaps reflecting the fact that there are more scattering channels on the sphere. The present preliminary results are also suggestive that the sphere accommodate more bound states than the torus. More numerical tests will be conducted on these systems in our subsequent work.
